Abstract. A numerical simulation of unsteady plumes for driven thermal high convection dominated flows is presented in this work
INTRODUCTION
We present a numerical simulation of unsteady plumes for driven thermal high convection dominated flows. The iterative process used in this work, leads us to the solution of uncoupled, well-conditioned and symmetric linear elliptic problems.
The numerical method has been previously reported in [1] for mixed convection and in [2] for natural convection in tilted cavities. This scheme has shown to be robust enough to handle high Rayleigh numbers and different aspect ratios (ratio of the height to the width) of the cavity.
The evolution of the flows we are dealing with in this paper depends mainly on the variation of the parameters. The buoyancy forcing of the flow can be characterized by the Rayleigh number Ra, which in the case of this work, is taken in the range 10 6 ≤ Ra ≤ 2 * 10 8 . For this range of the Rayleigh number, numerical results are not easy to obtain, since in this case we have a highly convection-dominated thermally-driven problem as can be seen in [3] and [4] .
Numerical simulation has been applied to this kind of flows and results with a 2D Direct Numerical Simulation (DNS) have been reported in [5] and [6] . For the validation of our results we are comparing them with those reported in the cited bibliography.
MATHEMATICAL MODEL
Let Ω ⊂ R N (N = 2, 3) be the region of a non-steady, viscous, incompressible flow, and Γ its boundary. Under the hypothesis of the Boussinesq approximation, this kind of fluids may be modeled by the following adimensional system:
in Ω, t > 0; where u, p and θ are the velocity, pressure and temperature of the fluid, respectively, e is the unitary vector in the gravitational direction. The parameters Ra y P r are the Rayleigh and the Prandtl number respectively, which are given by: Ra = βl 3 κgρ 2 0 µ 3 cp (T l − T 0 ), P r = κ/µc p , where T 0 and T 1 are reference temperatures, T 0 < T 1 , which may be the temperatures of the side walls when the region is a rectangular cavity. The adimensional temperature θ is given by
This system must be provided with appropiate initial and boundary conditions:u(x, 0) = u 0 (x) and θ(x, 0) = θ 0 (x) in Ω; u = f and Bθ = 0 in Γ, t ≥ 0, where B is a boundary operator for the temperature and may involve Dirichlet, Neumann and mixed boundary conditions.
Restricting ourselves to a bidimensional region Ω, taking the curl in both sides of equation (1a) and taking into account that:
which follows from (1b), with ψ the stream function and (u 1 , u 2 ) = u; the component in the k = (0, 0, 1) direction, we get the following scalar system:
where γ = 1/P r and ω is the vorticity, which, from ωk = ∇ × u = −∇ 2 ψk, gives (3a) and ω = ∂u 2 ∂x − ∂u 1 ∂y also. Then, system (3) becomes the Boussinesq approximation in stream function-vorticity variables. The incompressibility condition (1b), by (2), is automatically satisfied and the pressure p has been eliminated.
A translation of the boundary conditions in terms of the velocity primitive variable u to the ψ − ω variables has to be performed. Following [7] , ψ is a constant function on solid and fixed walls; at the moving wall y = b, a constant function for ψ is also obtained, then ψ = 0 is chosen in Γ. By Taylor expansion of (3a) on the boundary, with h x and h y the space steps, one obtains
. where h x and h y denote the size of the spatial discretization in the x and y directions. It should be observed that the boundary values for ω are given by values in Ω and t > 0, still unknown, of the stream function ψ. This problem will be solved using a fixed point iterative process.
NUMERICAL METHOD
The time derivatives with respect to ω and θ in (3) are approximated using the following second order approximation:
where n ≥ 1, x ǫ Ω, ∆t > 0 is the time step, and f r ≈ f (x, r∆t); at each time level t = (n + 1)∆t the following semidiscrete system in Ω is obtained , with the corresponding boundary conditions on Γ:
, and f θ = 4θ n −θ n−1 2∆t
; ω bc denotes the boundary condition of ω , B denotes the boundary operator for θ mentioned above, and u 1 and u 2 the components of u in terms of ψ are given by (2).
Denoting (ψ n+1 , ω n+1 , θ n+1 ) by (ψ, ω, θ) the following non-linear elliptic system is obtained:
To obtain (ω 1 , θ 1 , ψ 1 ) in (6), a first order approximation for the time derivatives may be applied through a subsequence with asmaller time step; a stationary system is then also obtained.
Denoting by
Then, system (7) is equivalent, in Ω, to:
To solve this system at each time level (n + 1)∆t, the following fixed point iterative process is applied in Ω: [8] With {θ 0 , ω 0 } = {θ n , ω n } given, solve "until convergence" on θ and ω
and then take (ω n+1 , ψ n+1 , θ n+1 ) = (ω m+1 , ψ m+1 , θ m+1 ).
With "until convergence" we mean until two consecutive values of θ and ω, that is, θ m+1 and θ m , and ω m+1 and ω m , differ by less than a certain tolerance, tol, given. Then, at each iteration, three linear elliptic problems associated with the operators: ∇ 2 , αI − γ∇ 2 , and αI − ∇ 2 have to be solved in Ω. For the discretization of such problems, either finite elements or finite differences may be used, as long as rectangular domains, as in the case of this work, are considered.
NUMERICAL RESULTS
Our numerical experiments take place in a rectangular cavity Ω = [0, 1] × [0, 1]. The walls of the cavity are solid and fixed. For the temperature, the source in the bottom is taken as a smooth Gaussian hill:
∂T ∂n = e −F (x−x 0 ) 2 , with x 0 the center. The side walls are adiabatic, and on the top wall, zero temperature is prescribed. No-slip boundary conditions for the velocity are imposed on all the walls of the cavity. A translation of the boundary condition in terms of the velocity primitive variable u to the ψ − ω variables has been performed using (4) . The cavity is supposed to be filled with air.
In the following Figures we show the Stream Function (left) and the isotherms (right) for different values of the Rayleigh number.
In Figure 1 we show results for Ra = 10 6 , at t = .05 with h x = h y = 1/256 and ∆t = .00001. In the graph of the streamline function two vortices in counter flow, but of the same intensity, can be observed. The isotherms, in this case, are symmetric with respect to the source of heat, occupying only part of the cavity.
Increasing the Rayleigh number to 10 7 , in Figure 2 , we show results at t = .05 with h x = h y = 1/256 and ∆t = .00001. In this case, we can observe just one vortex in the graph of the streamline function with its maximum located at the center of the cavity. Nevertheless, the isotherms begin to show some asymmetry, bending towards the right wall, and presenting a fold at the left top part without filling still the cavity. This indicates that the flow of heat is being transported by the movement of the fluid flow.
Increasing, additionally, the Rayleigh number to Ra = 10 8 , we show, in Figure 3 results at t = 0.05 with h x = h y = 1/256 and ∆t = 0.00001. We can observe here the restoration of two vortices of counterflow, although one dominates the circulation and the other one is smaller. The isotherms present well-defined asymmetric contours with a plume to the right near the heat source and irregular contours in the top right of the cavity.
In Figure 4 we show results for Ra = 2 * 10 8 at t = 0.01 with h x = h y = 1/256 and ∆t = 0.00001. The Figure shows changes to double the Rayleigh number and simulation time given. The numerical method shows to be robust enough to obtain these results. This changes show a growth on the small vortex although the circulation is still being dominated by a dominant vortex. The isotherms present more structure what can be interpreted as a greater influence of its direct buoyancy.
In Figures 5 and 6 an increase in time is considered for the same Rayleigh number. Results are shown at t = 0.05 with h x = h y = 1/256 and ∆t = 0.00001. No significant changes in the flow pattern of the two vortices or in the asymmetric structure of the isotherms are observed. 
CONCLUSIONS
The numerical method implemented here lets us distinguish diffusive and convective heat turbulent flow patterns generated in accordance with the increase of Rayleigh number within the cavity. Indeed, to relatively small values of this number the heat diffusion determines the flow profiles (Figure 1 ) up to Ra = 10 7 with only a vortex flow (Figure 2 ). However, for higher values of this number (Ra = 10 8 ) the isotherm profiles are shifted towards the walls asymmetrically with a dominant convective flow (Figures 3-5) as result of the heat source and the fluid recirculation generated by the turbulent flows within the cavity.
The fixed point iterative process used here has shown to be robust enough to handle very high values of the parameters appearing in the Boussinesq system, such as the Rayleigh number. We are looking forward to improve the method with respect to the time needed for the simulation, since till now, the time needed to solve the numerical systems of equations appearing after the discretization process is very large, especially when working with high Rayleigh numbers and having to arrive to a large value of t (time), since at each iteration in time, a very large system of linear equations has to be solved.
